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Topological insulators and superconductors at finite temperature can be characterised by the
topological Uhlmann phase. However, a direct experimental measurement of this invariant has
remained elusive in condensed matter systems. Here, we report a measurement of the topological
Uhlmann phase for a topological insulator simulated by a system of entangled qubits in the IBM
Quantum Experience platform. By making use of ancilla states, otherwise unobservable phases
carrying topological information about the system become accessible, enabling the experimental
determination of a complete phase diagram including environmental effects. We employ a state-
independent measurement protocol which does not involve prior knowledge of the system state.
The proposed measurement scheme is extensible to interacting particles and topological models
with a large number of bands.
INTRODUCTION
The search for topological phases in condensed mat-
ter [1–6] has triggered an experimental race to detect
and measure topological phenomena in a wide variety
of quantum simulation experiments [7–13]. In quantum
simulators the phase of the wave function can be accessed
directly, opening a whole new way to observe topological
properties [7, 9, 14] beyond the realm of traditional con-
densed matter scenarios. These quantum phases are very
fragile, but when controlled and mastered, they can pro-
duce very powerful computational systems like a quan-
tum computer [15, 16]. The Berry phase [17] is a special
instance of quantum phase, that is purely geometrical
[18] and independent of dynamical contributions during
the time evolution of a quantum system. In addition, if
that phase is invariant under deformations of the path
traced out by the system during its evolution, it becomes
topological. Topological Berry phases have also acquired
a great relevance in condensed matter systems. The now
very active field of topological insulators (TIs) and su-
perconductors (TSCs) [1] ultimately owes its topological
character to Berry phases [19] associated to the special
band structure of these exotic materials.
However, if the interaction of a TI or a TSC with its en-
vironment is not negligible, the effect of the external noise
in the form of e.g. thermal fluctuations, makes these
quantum phases very fragile [20–31, 34], and they may
not even be well-defined. For the Berry phase acquired by
a pure state, this problem has been successfully adressed
for one-dimensional systems [32] and extended to two-
dimensions later [33, 35, 36]. The key concept behind
this theoretical characterisation is the notion of Uhlmann
phase [37–45], a natural extension of the Berry phase for
density matrices. In analogy to the Berry phase, when
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the Uhlmann phase for mixed states remains invariant
under deformations, it becomes topological.
Although this phase is gauge invariant and thus, in
principle, observable, a fundamental question remains:
how to measure a topological Uhlmann phase in a phys-
ical system? To this end, we employ an ancillary system
as a part of the measurement apparatus. By encoding
the temperature (or mixedness) of the system in the en-
tanglement with the ancilla, we find that the Uhlmann
phase appears as a relative phase that can be retrieved
by interferometric techniques. The difficulty with this
type of measurement is that it requires a high level of
control over the environmental degrees of freedom, be-
yond the reach of condensed matter experiments. On
the contrary, this situation is especially well-suited for a
quantum simulation scenario.
Specifically, in this work we report: i) the measure-
ment of the topological Uhlmann phase on a quantum
simulator based on superconducting qubits [46–48], in
which we have direct control over both system and an-
cilla, and ii) the computation of the topological phase
diagram for qubits with an arbitrary noise degree. A
summary and a comparison with pure state topological
measures are shown in Fig 1. In addition, we construct a
state independent protocol that detects whether a given
mixed state is topological in the Uhlmann sense. Our
proposal also provides a quantum simulation of the AIII
class [49, 50] of topological insulators (those with chiral
symmetry) in the presence of disturbing external noise.
Other cases of two-dimensional TIs, TSCs and interact-
ing systems can also be addressed by appropriate modi-
fications as mentioned in the conclusions.
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Topological Uhlmann phase for qubits
We briefly present the main ideas of the Uhlmann ap-
proach for a two-band model of TIs and TSCs simulated
with a qubit. Let θ(t)|1t=0 define a closed trajectory along
a family of single qubit density matrices parametrised by
θ,
ρθ = (1− r)|0θ〉〈0θ|+ r|1θ〉〈1θ|, (1)
where r stands for the mixedness parameter between the
θ-dependent eigenstates |1θ〉 and |0θ〉, e.g. that of a
transmon qubit [51]. The mixed state ρθ can be seen
as a “part” of a state vector |Ψθ〉 in an enlarged Hilbert
space H = HS ⊗ HA, where S stands for system and
A for the ancilla degrees of freedom with dimHA ≥
dimHS. The state vector |Ψθ〉 is a so-called purification
of ρθ = TrA
(
|Ψθ〉〈Ψθ|
)
, where TrA performs the partial
trace over the ancilla. There is an infinite number of
purifications for every single density matrix, specifically
(1⊗UA)|Ψθ〉 for any unitary UA acting on the ancilla pu-
rifies the same mixed state as |Ψθ〉. Hence, for a family
of density matrices ρθ, there are several sets of purifi-
cations |Ψθ〉 according to a U(n) gauge freedom. This
generalizes the standard U(1) gauge (phase) freedom of
state vectors describing quantum pure states to the gen-
eral case of density matrices.
Along a trajectory θ(t)|1t=0 for ρθ the induced purifica-
tion evolution (system qubit S and ancilla qubit A) can
be written as
|Ψθ(t)〉 =
√
1− rUS(t) |0〉S ⊗ UA(t) |0〉A +
+
√
rUS(t) |1〉S ⊗ UA(t) |1〉A ,
(2)
where |0〉 =
(
1
0
)
and |1〉 =
(
0
1
)
is the standard qubit
basis, and US(t) is a unitary matrix determined by the
θ-dependence. Moreover the arbitrary unitaries UA(t)
can be selected to fulfill the so-called Uhlmann par-
allel transport condition. Namely, analogously to the
standard Berry case, the Uhlmann parallel transport re-
quires that the distance between two infinitesimally close
purifications ‖|Ψθ(t+dt)〉 − |Ψθ(t)〉‖2 reaches a minimum
value (which leads to removing the relative infinitesi-
mal “phase” between purifications) [37]. Physically, this
condition ensures that the accumulated quantum phase
(the so-called Uhlmann phase ΦU) along the trajectory
is purely geometrical, that is, without dynamical contri-
butions. This is a source of robustness, since variations
on the transport velocity will not change the resulting
phase.
Next, we consider the Hamiltonian of a two-band topo-
logical insulator in the AIII chiral-unitary class [49, 50],
H =
∑
k Ψ
†
kHkΨk, in the spinor representation Ψk =
(aˆk, bˆk)
t where aˆk and bˆk stands for two species of
FIG. 1: Topological measures for a single qubit in a mixed
state ρ = (1− r)|1〉〈1|+ r|0〉〈0| = 1
2
(
1+R n ·σ
)
in the Bloch
sphere representation. The mixedness parameter r between
states |1〉 and |0〉 is encoded into the degree of mixedness
R = |2r − 1| . We compute the Berry ΦB and Uhlmann ΦU
phases for non-trivial topological regimes. If r 6∈ {1, 0} or
equivalently R < 1, then only ΦU is well defined and high-
lights a non-trivial topological phase (ΦU = pi), provided that
R > Rc. Here, Rc denotes the critical amount of noise that
the system can withstand while remaining topological.
fermionic operators. The one-particle Hamiltonian is
Hk =
Gk
2
nk · σ,
nk =
2
Gk
(sin k, 0,M + cos k), (3)
Gk = 2
√
1 +M2 + 2M cos k.
where Gk represents the actual gap between the valence
and conduction bands in the topological insulator, and
nk is a unit vector called winding vector [32]. We now
map the crystalline momentum k of the topological in-
sulator [1] to a tunable time-dependent paramenter θ
of the quantum simulator. When invoking the rotating
wave approximation this model also describes, e.g. the
dynamics of a driven transmon qubit [12, 14]. The de-
tuning ∆ = 2
(
cos θ + M
)
between qubit and drive is
parametrised in terms of θ and a hopping amplitude M ,
whereas the coupling strength between the qubit and the
incident microwave field is given by Ω = 2 sin θ.
The non-trivial topology of pure quantum states (r ∈
{0, 1}) of this class of topological materials can be wit-
nessed by the winding number. This is defined as the
angle swept out by nθ as θ varies from 0 to 2pi, namely,
ω1 :=
1
2pi
∮ (
∂θn
x
θ
nzθ
)
dθ. (4)
Then, using Eq. (3) and Eq. (4), the system is topological
(ω1 = 1) when the hopping amplitude is less than unity
(M < 1) and trivial (ω1 = 0) if M > 1. In fact, the
topological phase diagram coincides with the one given
by the Berry phase acquired by the “ground” state |0〉θ
3(or the “excited” state |1〉θ) of Hamiltonian (3) when θ
varies from 0 to 2pi, (see Supplementary Note 2).
The computation of the unitary US in Eq. (2) for a
transportation in time of θ according to the Hamiltonian
(3) yields
US(t) = e
−i ∫ t
0
h(t′)dt′σy , (5)
with h(t) :=
∂tn
x
t
2nzt
. This implements the eigenstate trans-
port |1θ(t)〉 = US(t)|1〉 and |0θ(t)〉 = US(t)|0〉. In addition,
we can consider a similar form for the unitary UA in Eq.
(2),
UA(t) = [US(t)]
pa = e−i
∫ t
0
pah(t
′)dt′σy , (6)
where the parameter pa ∈ [0, 1] is defined as an ancillary
“weight”. We find that the Uhlmann parallel transport
condition is satisfied for pa = pr := 2
√
r(1− r). The de-
tailed technical derivation is provided in Supplementary
Notes 1 and 2.
Now, from Eq. (2) it is possible to define the relative
phase ΦM between the initial |Ψθ(0)〉 and the final state,
i.e. |Ψθ(tf )〉. For Hamiltonian (3), density matrix (S1)
and purification (2), we find
ΦM := arg [〈Ψθ(0)|Ψθ(tf )〉] = (7)
= arg
[
cos (Itf0 ) cos (paI
tf
0 ) + pr sin (I
tf
0 ) sin (paI
tf
0 )
]
,
where Itft0 :=
∫ tf
t0
h(t′)dt′. As commented before, by as-
suming pa = pr := 2
√
r(1− r), the purification pre-
cisely follows Uhlmann parallel transport and the relative
phase ΦM becomes the Uhlmann phase ΦU associated to
the trajectory. For a closed path tf = 1, the integral
I10 = piω1 = ΦB becomes the topological Berry phase. In
that case, the Uhlmann phase simplifies to
ΦU = arg{cos[(1− 2pr)piω1]}. (8)
We can now deduce the topological properties of these
phases in the presence of external noise, as measured by
the parameter r [Eq. (S1)]. This is depicted in Fig. 1.
Namely, if M > 1 then ω1 = 0, and ΦU = 0 (trivial
phase) for every mixedness parameter r. If M < 1 then
ω1 = 1 and one obtains ΦU = arg[− cos(2pi
√
r(1− r))].
If the state is pure (r = 0), then Φ0U = pi, recovering
the same topological phase given by the winding number
and the Berry phase. However, for r 6= 0 there are critical
values of the mixedness rc at which the Uhlmann phase,
according to Eq. (8), jumps from pi to zero (see Fig. 1).
The first rc1 =
1
4 (2−
√
3) ≈ 0.067 signals the mixedness
at which the system loses the topological character of the
ground state. Moreover, there exists another rc2 = 1−rc1
at which the system becomes topological again due to the
topological character of the excited state (r → 1). Notice
that at r = 1 the system becomes a pure state again
(the excited state), which is also topologically non-trivial
according to the Berry phase. Actually, provided that the
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FIG. 2: Circuit diagram to measure the topological Uhlmann
phase, e.g., with superconducting circuits as explained in the
text. The circuit represents the decomposition of the bi-local
unitary evolution US(t) ⊗ UA(t), defined in Eq. (5), into el-
ementary single and two-qubit CNOT gates [16]. The gate
Rγy represents a single qubit rotation about the y-axis for an
angle γ = 2 arccos
√
1− r, and the angles β1 and β2 appear
in Eq. (7).
weight pr < pr=rc1(2) = 0.5, the system is topological in
the Uhlmann sense as long as M < 1. This reentrance in
the topological phase at rc2 was absent in previous works
[32, 33, 35].
Experimental realization
Measuring the topological Uhlmann phase is a very
challenging task since its definition in terms of purifica-
tions implies precise control over auxiliary/environmen-
tal degrees of freedom (the ancilla). In an experiment,
we therefore include an extra ancilla qubit representing
the environment. We also include a third qubit acting as
a probe system P , such that by measuring qubit P we
retrieve the accumulated phase by means of interferomet-
ric techniques. The measurement protocol is described in
Fig. 2:
Step 1. Following Eq. (2), we prepare the initial state
|Ψθ(0)〉⊗|0〉P (red block of Fig. 2) using single qubit rota-
tions Rγy about the y-axis for an angle γ = 2arcos
√
1− r
and a two-qubit controlled not gate. For superconducting
qubits, the latter can be performed e.g. by implementing
a controlled phase gate for frequency-tunable transmons
[52] or by a cross-resonance gate [53].
Step 2. We apply the bi-local unitary US(t) ⊗ UA(t)
on S⊗A conditional to the state of the probe P . This is
accomplished by single qubit rotations about an angle β1
or β2, determined by h(t) and pa (blue block of Fig. 2),
and two-qubit gates. This decomposition is based on
the fact that any controlled unitary gate can be always
decomposed as a product of unitary single-qubit gates
and two-qubit CNOT gates [16]. Fig. 2 shows the final
result after the decomposition of the Uhlmann transport,
conditional to the probe qubit P, is performed. As a
4result, the three qubits {S,A,P} are in the superposition
|Φ〉SAP = 1√
2
(|Ψθ(0)〉 ⊗ |0〉P + |Ψθ(tf )〉 ⊗ |1〉P). (9)
Step 3. After the holonomic evolution has been com-
pleted, we read out ΦM from the state of the probe qubit.
Tracing out the system and ancilla in Eq. (S23), the re-
duced state for the probe qubit is
ρP =
1
2
(
1+Re(〈Ψθ(0)|Ψθ(tf )〉)σx+Im(〈Ψθ(0)|Ψθ(tf )〉)σy
)
.
(10)
Thus, by measuring the expectation values 〈σx〉 and 〈σy〉
(green block of Fig. 2), we can retrieve ΦM in the form
ΦM = arg [〈σx〉+ i〈σy〉] =
= arg [〈Ψθ(0)|US(tf)⊗ UA(tf)|Ψθ(0)〉].
(11)
In Fig. 3 we present the results of phase measurements
performed on the IBM Quantum Experience platform
[54], using three transmon qubits coupled through co-
planar waveguide resonators (see Methods). In Fig. 3(a),
we show the measurement of the Uhlmann phase ΦU for
different values of the mixedness parameter r, where we
set M = 0.2 and pa = pr, i.e. fulfilling the parallel trans-
port condition. The critical jump from ΦU = pi (topolog-
ical) to ΦU = 0 (trivial) is clearly observed following the
previous protocol.
Additionally, we can check whether the Uhlmann par-
allel transport condition is satisfied at every time inter-
val during the experiment. By partitioning the closed
trajectory in small time steps δt, the relative phase be-
tween the state at time nδt and at (n + 1)δt must be
close to zero if the condition is fulfilled. This is the case
in the experiment as shown in Fig. 3(b). During the state
preparation (Step 1), we need to include two additional
single qubit rotations R
αnδt1
y and R
αnδt2
y acting on the sys-
tem and ancilla qubits respectively, where αnδt1 = 2I
nδt
0
and αnδt2 = prα
nδt
1 . These two unitaries make the en-
tangled state between system and ancilla evolve until
the state |Ψnδt〉 is reached. In Step 2, the state evolves
to |Ψ(n+1)δt〉 conditional to the state of the probe P .
The measurement scheme (Step 3) to retrieve the relative
phase in Fig. 3(b) remains the same. Technical details
are described in the Supplementary Note 3. We have in-
cluded a simulation –green solid line in Fig. 3– based on
experimental imperfections, mainly finite coherence time
(∼ 50 µs) and spurious terms accounting for certain type
of electromagnetic crosstalk between qubits. A more de-
tailed description of the error model is given in Methods.
State-independent protocol
The application of US(t) and UA(t) with pa = pr to
the purification |Ψθ(t)〉 implements the Uhlmann paral-
lel transport and hence ΦM = ΦU. However, this would
imply some knowledge about the mixedness parameter
r beforehand, which is not always possible. Hence, we
present a modification of the previous protocol to mea-
sure the topological Uhlmann phase without prior knowl-
edge of the state ρ and its mixedness parameter r.
Firstly, we fix θ(t) = 2pit and consider open holonomies
1
2 < tf < 1 covering more than one half of the complete
path. No previous knowledge of the state is assumed to
perform the evolution. Hence, the ancillary weight pa
can be different than pr in Eq. (2), but still satisfying
0 ≤ pa ≤ 1. From Eq. (7), the overlap 〈Ψθ=0|Ψθ=2pitf 〉
is always real and thus the phase ΦM is either 0 or pi,
depending on both the weight pr associated to the state
ρθ [Eq. (S1)] and the ancillary weight pa.
We aim to find an r-independent value for pa, such
that the observed phase ΦM takes on the same value as
the Uhlmann phase for a Hamiltonian with the form of
(3). By studying ΦM as a function of the applied pa, we
conclude that if we tune the ancillary weight
pa = pT :=
−1
Itf0
arctan
( 2
tan (Itf0 )
)
, (12)
the value of the observed phase ΦM(pa = pT ) coincides
with the topological Uhlmann phase ΦU. Algebraic de-
tails are provided in Methods.
Note that there is an intuitive reason why we can get
topological information out of a phase associated to a
open path longer than one half of a non-trivial topologi-
cal loop. Indeed, h(t) is symmetric around t = 12 . Then,
once we have covered one half of the path, we know about
the topology of the whole system thanks to this symme-
try. Therefore, even an open path for 12 < tf < 1 can be
considered as global.
In terms of the experimental protocol, we only need to
modify Step 2 by fixing pa = pT for the unitary UA(t). In
Fig. 3(c), we present the results for the state-independent
protocol recovering the topological Uhlmann phase with-
out prior knowledge of the state, for M = 0.6 and
tf = 0.6. These are qualitatively the same as in Fig. 3(a),
but the state-independent protocol is more sensitive to
errors mainly around the transition point. The mismatch
between experiment and simulations is most likely caused
by small calibration-dependent systematic errors in the
cross-resonance gates.
DISCUSSION
We have successfully measured the topological
Uhlmann phase, originally proposed in the context of
topological insulators and superconductors, making use
of ancilla-based protocols. The experiment is realised
within a minimal quantum simulator consisting of three
superconducting qubits. We have exploited the quantum
simulator to realize a controlled coupling of the system
to an environment represented by the ancilla degrees of
freedom. Moreover, we have proposed and tested a state-
independent protocol that allows us to classify states of
topological systems according to the Uhlmann measure.
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FIG. 3: Experimental results for the Uhlmann phase ΦU as a function of the mixedness parameter r, defined in Eq. (S1), or the
time step in the holonomy. The red dots with error bars represent the experimental measurements, the dashed blue line is the
theoretical value (rc ≈ 0.067) and the green solid line accounts for a simulation based on an error model (see Methods). In (a),
we take M = 0.2 and measure ΦU as a function of the mixedness r using pa = pr, i.e. fulfilling the parallel transport condition.
We can clearly see the critical jump from ΦU = pi (topological) to ΦU = 0 (trivial). In (b), we plot, for M = 0.2, r = 0.02 and
tf = 1, the relative phase Φ between adjacent states for small time steps δt = 0.1, checking the Uhlmann parallel condition,
which implies Φ = 0. In (c), we measure ΦU using the state-independent protocol for M = 0.6 and tf = 0.6, not assuming
prior knowledge of the mixedness r. The topological transition is clearly appreciable despite the presence of experimental
imperfections. The experimental accuracy in r is about 0.01.
To our knowledge, this is the first time that a noise/tem-
perature induced topological transition in a quantum
phase is observed. Recently, these transitions have been
addressed in connection to new thermodynamical proper-
ties of these systems [55]. The fact that these effects can
be experimentally observed opens the possibility for the
search of warm topological matter in the lab. Due to the
intrinsic geometric character of the Uhlmann phase, our
results may find application in generalisations of holo-
nomic quantum protocols for general, possibly mixed,
states.
In addition, an increase of experimental resources such
as the number of qubits, the speed and fidelity of the
quantum gates, etc. will allow us to study additional
topological phenomena with superconducting qubits. In
particular, by including interactions in the model Hamil-
tonian we can test different features: quantum sim-
ulations of thermal topological transitions in 2D TIs
and TSCs, the interplay between noise and interactions
within a topological phase, etc. These effects can be
achieved since a system with more interacting qubits can
be mapped onto models for interacting fermions with spin
[13]. Further details can be found in the Supplementary
Note 5. Although such a proposal would be experimen-
tally more demanding, it represents a clear outlook that
would need precise controllability of more qubits and the
ability to perform more gates with high fidelity.
Data availability
All relevant data are available from the authors on rea-
sonable request.
METHODS
Superconducting Qubit Realization of a Controllable
Uhlmann phase.
The experiments on the topological Uhlmann phase
have been realized on the IBM Quantum Experience (ib-
mqx2) [54], a quantum computing platform with online
user-access based on five fixed-frequency transmon-type
qubits coupled via co-planar waveguide resonators. We
have used three qubits, qubit Q0 as the probe qubit,
Q1 as the system qubit and Q2 as the ancilla qubit.
This choice is motivated by the connectivity required
for the measurement protocol and the superior T1 and
T2 times of this set of qubits when compared to the set
{Q2, Q3, Q4} at the time of the experiment. We have
used the open-source python SDK QISKit [56] to pro-
gram the quantum computer and retrieve the data. The
explicit quantum algorithm to measure the expectation
values of σx and σy is provided in Supplementary Note 4
using the OPENQASM intermediate representation [57].
The phase is then extracted from the measured data by
evaluating ΦM = arg(〈σx〉 − i〈σy〉).
For all experiments we have measured 8192 repetitions
providing a single value for the phase. For the measure-
ment of the topological Uhlmann phase (Fig. 3(a)) we
vary the initial mixedness of the system state r by set-
ting the rotation angle γ = 2 arccos(
√
1− r). The trans-
port of the state according to Uhlmann’s parallel trans-
port condition is set by the value β1 = If(0, 1) = pi for
M < 1 and β2 = paIf(0, 1) = 2pi
√
r(1− r), as defined in
Eq. (7). The energy relaxation times of the qubits are
{TQ01 , TQ11 , TQ21 } = {45 µs, 31 µs, 46 µs} and the deco-
herence times {TQ02 , TQ12 , TQ22 } = {40 µs, 27 µs, 80 µs}
as stated in the calibration data.
6For the state-independent protocol [Fig. 3(c), main
text] we set M = 0.6 and the final time tf =
0.6. The system is rotated about β1 = I
0.6
0 =
2.18537 and β2 = pT I
0.6
0 = 0.954407. In this
measurement energy relaxation and decoherence times
are {TQ01 , TQ11 , TQ21 } = {41 µs, 52 µs, 62 µs} and
{TQ02 , TQ12 , TQ22 } = {31 µs, 37 µs, 87 µs}. Note, that
here the error bars are larger as compared to the state-
dependent measurement described above, because the ex-
pectation values 〈σx〉 and 〈σy〉 are closer to zero leading
to larger statistical errors in the phase. Also, we notice a
systematic offset of σ¯y = 0.098±0.014 from the expected
value 〈σy〉th = 0. Here, σ¯y is the average over all r values
and repetitions. This offset is subtracted from the phase
data ΦM = arg[〈σx〉− i(〈σy〉− σ¯y)] and the result is plot-
ted in Fig. 3(c). We consider accumulated phase shifts
during two-qubit operations as the main reason for this
mismatch. We have also noticed that this value changes
for different calibrations of the IBM Quantum Experience
and when taking different sets of qubits.
Finally, for the measurement of the parallel transport
condition we modify the algorithm to prepare the inter-
mediate state |Ψθ(nδt)〉 by applying US/A(nδt) to system
and ancilla qubit. For the measurement of the Uhlmann
phase, the same circuit as above is used to obtain a
state evolution |Ψθ(nδt)〉 → |Ψθ((n+1)δt)〉. The complete
protocol to measure the parallel transport condition is
shown in the Supplementary Fig. 1. In the experiment,
we choose M = 0.2 and r = 0.02 to stay within the
topological sector. The mixedness angle evaluates to
γ = 2 arccos(
√
0.95) = 0.2838. The angles for the in-
termediate state preparation are determined by α1(n) =
Inδt0 and α2(n) = prI
nδt
0 = 2
√
r(1− r)Inδt0 = 0.28Inδt0 ,
the evolution from nδt to (n + 1)δt is determined by
the angles β1(n) = I
(n+1)δt
nδt and β2(n) = prI
(n+1)δt
nδt =
0.28I
(n+1)δt
nδt . The recorded data shown in Fig. 3(b),
main text, shows that the measured phase difference
〈ΦM(nδt)〉 = −0.07 ± 0.2 is zero within the statistics.
However, the residuals do not follow a normal distri-
bution which hints at systematic gate errors instead of
stochastic errors.
State-independent Derivation
The derivation of the value for pT [Eq. (12)] is as fol-
lows. From Eq. (7) we find the value pa = p
c
a (where
the superindex c stands for critical) at which ΦM goes
abruptly from pi to 0 as a function of pr and If ,
pca =
−1
Itf0
arctan
( 1
pr tan (I
tf
0 )
)
. (13)
If we set 12 < tf < 1, then p
c
a is a monotonically decreas-
ing function of pr,
∂pca
∂pr
=
tan (Itf0 )
Itf0 [1 + p
2
r tan
2 (Itf0 )]
< 0. (14)
If M > 1, then −pi/2 < Itf0 < pi/2, which from Eq. (7)
implies that ΦM = 0 for any value of pr and pa. Hence,
for the trivial case M > 1, there is no critical value pca and
ΦM = 0 always. This maps ΦM to the Uhlmann phase
ΦU at least for this case. On the contrary, if M < 1,
then pi/2 < Itf0 < pi which implies tan (I
tf
0 ) < 0. Since
0 < pr < 1, then − arctan
(
1
pr tan (I
tf
0 )
)
< pi/2. Thus,
there is always a solution of Eq. (13) with 0 < pca < 1
for any pr. As discussed in the main text, the state ρθ
in Eq. (S1) is topological in the Uhlmann sense ΦU = pi,
only if M < 1 and pr < 0.5.
Now, we define pT := p
c
a(pr = 0.5) using Eq. (13).
Note that the true pr of the system is unknown as we have
assumed no knowledge of the state. Nevertheless, if pr >
0.5, then its associated critical value [from Eq. (13)] is
pca < pT. This means that by applying UA with pa = pT
and measuring the associated phase ΦM we can extract
the following conclusions:
• If we measure ΦM(pT) = 0, the system is within a
trivial phase (ΦU = 0). Because this implies p
c
a <
pT and hence pr > 0.5 (ΦU = 0), as we have proven
that pca always decreases with pr.
• If we measure ΦM(pT) = pi, the system is in a
topological phase (ΦU = pi). Because in that case
pca > pT and then pr < 0.5 (ΦU = pi).
Hence, we have just proven that ΦM(pT) = ΦU.
Error Simulation
The detrimental effect of experimental errors is mod-
elled by means of a Liouvillian term Lerror, so that the
Liouvillian L0, accounting for the idealized dynamics, is
in fact substituted by L0 + Lerror. Specifically, if a gate
is performed during a time τ via a Hamiltonian H0, i.e.
Ugate = e
−iH0τ , we substitute
e−iH0τρeiH0τ ≡ eL0τρ→ e(L0+Lerror)τρ. (15)
This error Liouvillian includes typical sources of imper-
fections: a) a residual IX term during the cross-resonance
ZX90 gate in the implementation of the CNOTs, HZX =
mIX + µZX [58–60]; b) spontaneous emission and de-
phasing terms L−(ρ) = γ−(σ−ρσ+ − 12{σ+σ−, ρ}) andLz(ρ) = γz(σzρσz − ρ), respectively.
We have accommodated the values of γ− and γz to
the characteristic longitudinal and transverse relaxation
times of T1 = 51µs and T2 = 51µs reported by the
IBM Quantum Experience calibration team the day of
the measurements. The residual IX strength has been
taken to be about m ∼ 0.4 MHz. In addition, we con-
sider τ2pi ∼ 200 ns and τZX90 ∼ 600 ns as characteristic
times for a 2pi-rotation on a single qubit and the ZX90
gates, respectively. Waiting times of 5 ns after a single
qubit gate and 40 ns after a ZX90 gate are also included.
7In Fig. 3, we plot the result of the simulation includ-
ing these experimental imperfections together with the
experimental measurements of the topological Uhlmann
phase ΦU. Despite the errors, the topological transition
is clearly noticed.
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I. SUPPLEMENTARY NOTES
1. Supplementary Note 1: Uhlmann phase for
qubit systems
The Uhlmann phase extends the notion of the geo-
metric Berry phase from pure quantum states (Berry)
to mixed quantum states described by density matrices.
Uhlmann was first to study this problem from a rigorous
mathematical perspective [37] and to find a satisfactory
solution [61–64].
Let θ(t)|1t=0 define a trajectory along a family of single
qubit density matrices parametrised by θ,
ρθ = (1− r)|0θ〉〈0θ|+ r|1θ〉〈1θ|, (S1)
where r stands for the degree of mixedness between the
ground state |0θ〉 and the excited state |1θ〉. Note that
ρθ can always be viewed as a pure state |Ψθ〉 in an en-
larged Hilbert space H = HS ⊗ HA, where S stands for
system and A for the ancilla degrees of freedom. This
process is called purification, and satisfies the constraint
ρθ = TrA
(
|Ψθ〉〈Ψθ|
)
. The set of purifications |Ψθ〉 gen-
erates the family of density matrices ρθ. This aims to
be the density-matrix analog to the standard situation
where vector states |ψ〉 span a Hilbert space and gen-
erate pure states by the relation ρ = |ψ〉〈ψ|. Actually,
the phase freedom of pure states, U(1)-gauge freedom,
is generalised to a U(n)-gauge freedom (n is the dimen-
sion of the density matrix). This occurs since |Ψθ〉 and
V tA|Ψθ〉 are purifications of the same density matrix for
some unitary operator V tA acting on the ancilla degrees
of freedom. The superindex t denotes the transposition
with respect to the qubit eigenbasis. If the trajectory de-
fined by θ(t) is closed ρθ(1) = ρθ(0), the initial and final
purifications must differ only in a unitary transformation
V tA, |Ψθ(1)〉 = V tA|Ψθ(0)〉. Hence, by analogy to the pure
state case, Uhlmann defines a parallel transport condi-
tion such that VA is constructed by imposing that the
distance between two infinitesimally closed purifications,
‖Ψθ(t+dt)〉 − |Ψθ(t)〉‖2, reaches its minimum value. Then
it is possible to write
VA = Pe
∫
AU , (S2)
where P stands for the path ordering operator along the
trajectory θ(t)|1t=0, and AU is the so-called Uhlmann con-
nection form [32, 36, 37].
The Uhlmann geometric phase is defined from the mis-
match between the initial point |Ψθ(0)〉 and the final point
after parallel transport, i.e. |Ψθ(1)〉,
ΦU := arg [〈Ψθ=0|Ψθ=1〉] = arg Tr
[
ρθ(0)VA
]
. (S3)
This phase is a gauge independent quantity [37, 61, 62],
that comes from the parallel transport of the purifica-
tion |Ψθ〉. The most explicit formula for the Uhlmann
connection was given by Hu¨bner [63],
AU =
∑
i,j
|ψiθ〉
〈ψiθ|
[
(∂θ
√
ρθ),
√
ρθ
] |ψjθ〉
piθ + p
j
θ
〈ψjθ|dθ, (S4)
in the spectral basis of ρθ =
∑
j p
j
θ|ψjθ〉〈ψjθ|. The param-
eter θ may play the role of the crystalline momentum in
condensed matter systems.
The derivative of the square-root of the density matrix
with respect to the transport parameter θ is given by
∂θ
√
ρθ =
√
(1− r)(|∂θ0θ〉〈0θ|+ |0θ〉〈∂θ0θ|)+
+
√
r
(|∂θ1θ〉〈1θ|+ |1θ〉〈∂θ1θ|). (S5)
We can simplify the connection AU in Eq. (S4), for the
density matrix (S1) and the Hamiltonian (3) in the main
text. We substitute Eq. (S5) in Eq. (S4), and take into
account that the summation indices in Eq. (S4) only runs
over the states |1θ〉 and |0θ〉, obtaining
AU =
[
(1− pr)〈1|∂θ0θ〉 |0θ〉〈1θ|
+ (1− pr)〈0θ|∂θ1θ〉 |0θ〉〈1θ|
]
dθ, (S6)
where pr = 2
√
r(1− r).
For computational purposes, we fix the gauge for the
eigenstates of the system Hamiltonian in Eq. (3) such
that,
|0θ〉 = 1√
1 + g2(θ,M)
(
1
g(θ,M)
)
, (S7)
|1θ〉 = 1√
1 + g2(θ,M)
(
g(θ,M)
−1
)
, (S8)
8where
g(θ,M) :=
sin θ
M + cos θ +
√
1 +M2 + 2M cos θ
. (S9)
From Eq. (S7) and Eq. (S8), we compute
〈0θ|∂θ1θ〉 = ∂θn
x
θ
2nzθ
=
1 +M cos θ
2 + 2M2 + 4M cos θ
,
|0θ〉〈1θ| − |1θ〉〈0θ| =
(
0 −1
1 0
)
, (S10)
where niθ is the i−th component of the winding vector.
Finally, we insert Eqs. (S10) in Eq. (S6) and obtain
AU = −i(1− pr)∂θn
x
θ
2nzθ
σydθ. (S11)
As the connection in Eq. (S11) commutes for different
values of θ, we can drop the path ordering that appears
in the expression for the Uhlmann unitary [Eq. (S2)], and
get the simplified equation
VA(θ) = e
−i(1−pr)
∫ θ
0
∂
θ′n
x
θ′
2nz
θ′
σydθ
′
. (S12)
Lastly, we substitute Eq. (S12) and Eq. (S1) in Eq. (S3)
to compute the Uhlmann phase
ΦU = arg
{
cos
[
1− 2pr
2
∫ θ
0
(
∂θ′n
x
θ′
nzθ′
)
dθ′
]}
. (S13)
The mapping ρ −→ VA is a so-called pointed holon-
omy. This means, that even if the trajectory in parame-
ter space is closed, in general the holonomy depends on
the initial point of the path [36, 42]. Nonetheless, we
have identified instances in which the pointed holonomy
reduces to an absolute holonomy becoming independent
of the initial point [32, 33]. This is indeed the case stud-
ied in the present paper, as well as most of the represen-
tative models of 1D and 2D topological insulators and
superconductors.
2. Supplementary Note 2: Holonomic time
evolution
At this stage, we would like to physically implement
the holonomy that has been mathematically described
in the previous section. For that purpose, we express
the parallel transport generated by the change in the pa-
rameter θ, as a unitary time evolution over system and
ancilla US ⊗ UA where the control-parameter θ(t) is var-
ied in time. The system unitary evolution US is defined
through the relations
|0〉θ(t) := US(t)|0〉, |1〉θ(t) := US(t)|1〉, (S14)
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FIG. S1: Circuit diagram to test the Uhlmann parallel trans-
port condition. The gates Rαy represent single qubit rotations
about the y-axis for an angle α, and the different angles of
rotation are given in Eq. (S21) and Eq. (S22).
where |0〉 =
(
1
0
)
and |1〉 =
(
0
1
)
is the standard qubit ba-
sis. Using the eigenstate equations (S7) and (S8), US(θ)
is obtained straightforwardly,
US(t) =
1√
1 + g2[θ(t),M ]
(
1 −g[θ(t),M ]
g[θ(t),M ] 1
)
,
(S15)
where g(θ,M) was defined in Eq. (S9).
At this point Eq. (S15) can be expressed as the expo-
nential of a Hamiltonian using the following relations
US(t) = e
−i ∫ t
0
h(t′)dt′ , (S16)
h(t) = i
(
dθ
dt
)[
∂θUS(θ)
]
U†S(θ). (S17)
We substitute Eq. (S15) into Eq. (S17), arriving at
h(t) =
(
dθ
dt
)
∂θ(t)n
x
θ(t)
2nzθ(t)
σy, (S18)
where we have used Eq. (S10) as well.
The unitary for the ancilla qubit UA is determined by
combining: 1) the transport of the eigenstates |0(1)θ〉
through US(t) and 2) the Uhlmann correction VA[θ(t)],
for the purification as a whole to be parallely transported
[Eq. (S12)]; hence,
UA(t) = [U
†
S(t)VU (t)]
t. (S19)
Here, the superindex t denotes the transposition with
respect to the qubit eigenbasis. Further simplifications
of Eq. (S19) using Eq. (S18) and Eq. (S12) lead to
UA(t) = e
−ipa
∫ t
0
h(t′)dt′ , (S20)
with pa = pr.
93. Supplementary Note 3: Experimental test of
Uhlmann parallel transport
In this section we present further details on how to
experimentally test the Uhlmann parallel transport con-
dition along the holonomy. The experimental results are
shown in the middle plot of Fig. 3 in the main text.
The protocol is depicted in Fig. S1. The state prepa-
ration part of the protocol is the same as in the state-
dependent and state-independent protocols described in
the main text. We prepare the initial state |Ψt=0〉 using
single qubit rotations Rθy about the y-axis for an angle θ
and a two-qubit controlled not gate. Then, we apply R
α
ti
1
y
and R
α
ti
2
y on the system and ancilla qubits respectively,
where
αti1 = 2
∫ ti
0
h(t′)dt′,
αti2 = prα
ti
1 .
(S21)
The entangled state between system and ancilla will
evolve until |Ψt=ti〉 (red block of Fig. S1). Next, we ap-
ply R
β
ti
1(2)
y to the system and ancilla qubits, conditional
on the probe (which has been previously prepared on an
equal superposition of states |0〉 and |1〉). The angles of
rotation in this case are
βti1 =
∫ ti+δt
ti
h(t′)dt′,
βti2 = prβ
ti
1 .
(S22)
This part comprises the blue block in Fig. S1. As a con-
sequence, the three qubits {S,A,P} end up in the super-
position
|Φ〉SAP = 1√
2
(|Ψt=ti〉⊗ |0〉P + |Ψt=ti+δt〉⊗ |1〉P ). (S23)
Now we are interested in reading out the relative phase
Φ from the state of the probe qubit. Tracing out the
system and ancilla in Eq. (S23), the reduced state for
the probe qubit is
ρP =
1
2
(
1+ Re(〈Ψt=ti |Ψt=ti+δt〉)σx
+ Im(〈Ψt=ti |Ψt=ti+δt〉)σy
)
.
(S24)
Thus, by measuring the expectation values 〈σx〉 and 〈σy〉
(green block of Fig. S1), we can retrieve the relative phase
Φ between the states |Ψt=ti〉 and |Ψt=ti+δt〉. If the trans-
port fulfills the Uhlmann parallel condition between ti
and ti+δt, then the two vectors should be in phase Φ ≈ 0.
This is actually what we observe in the experiment (see
the middle plot in Fig. 3 of the main text).
4. Supplementary Note 4: Quantum Algorithm
The experiments on the topological Uhlmann phase
have been realized on the IBM Quantum Experience (ib-
mqx2) [54], a quantum computing platform with online
user-access based on five fixed-frequency transmon-type
qubits coupled via co-planar waveguide resonators. We
have used three qubits, qubit Q0 as the probe qubit,
Q1 as the system qubit and Q2 as the ancilla qubit.
This choice is motivated by the connectivity required
for the measurement protocol and the superior T1 and
T2 times of this set of qubits when compared to the set
{Q2, Q3, Q4} at the time of the experiment. We have
used the open-source python library QISKit [56] to pro-
gram the quantum computer and retrieve the data. The
quantum algorithm to measure the expectation values of
σx is
OPENQASM 2.0;
include ”qelib1.inc”;
qreg q[5];
creg c[5];
u3(θ,0,0) q[1];
cx q[1],q[2];
h q[0];
cx q[0],q[2];
cx q[0],q[1];
barrier q[0],q[1],q[2],q[3],q[4];
u3(β2,0,0) q[2];
u3(β1,0,0) q[1];
barrier q[0],q[1],q[2],q[3],q[4];
cx q[0],q[2];
cx q[0],q[1];
h q[0];
measure q[0] −> c[0];
in the OPENQASM intermediate representation, de-
scribed in [57]. For measuring σy we insert the rotation
’sdg q[0];’ before the last hadamard gate ’h [q0]’. The
circuit diagram (including the rotation for the measure-
ment of σy) is shown in Figure S2. Note, that we do
not implement the last set of single-qubit rotations on
system and ancilla qubits because these do not change
the outcome of the measurement of the probe qubit Q0.
The phase is then extracted from the measured data by
evaluating ΦM = arg(〈σx〉 − i〈σy〉).
5. Supplementary Note 5: Interacting Systems &
2D
The protocol to measure the topological Uhlmann
phase deals with single-qubit Hamiltonians [Eq. (3) in the
main text]. These can be mapped to free-fermion topo-
logical insulators. We may identify the ramp parameter
θ with the crystalline momentum in the Brillouin zone
k. In 2D, a way to define a non-trivial topological in-
variant for isotropic systems at finite temperature is by
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FIG. S2: Example of the circuit diagram on the IBM Quantum Experience for the measurement of the topological Uhlmann
phase for r = 0.15. The values for the rotation angles are γ = 2 arccos(
√
1− r) = 0.7954, β1 = pi and β2 = 2pi
√
r(1− r) =
2.24355
means of the winding number of the Uhmann phase, as
shown in Refs. [33, 35, 36]. We could test this experi-
mentally by mapping two independent parameters θ and
δ of our quantum simulator to the crystalline momentum
of a 2D topological insulator kx and ky. By measuring
the Uhlmann phase along θ, for different values of δ, we
can extract the value of the winding number by observing
discontinuous jumps in the Uhlmann phase.
More complicated Hamiltonians involving more qubits
could be considered in a more general setup. Actually, it
has been shown in Ref. [13] that an L−qubit interacting
system can be mapped onto two types of systems that
we discuss in what follows.
On the one hand, a system of 2 qubits can be mapped
to a system of two interacting fermions with spin 1/2.
Therefore, an Uhlmann experiment for interacting 2-
qubit Hamiltonians would be the first experimental mea-
surement of a topological phase associated to an interact-
ing system in a mixed state. It would be very interesting
to analyse how the interaction term counteracts or en-
hances the effect that noise produces in the system.
On the other hand, there is a complementary mapping
from a many-body interacting spin system to Haldane-
like models [65] with 2L bands. These are free-fermion
models but the fact of having more bands opens the
possibility of having higher topological quantum num-
bers. From the point of view of the Uhlmann theory of
symmetry-protected topological order at finite temper-
ature, one can envision the possibility of testing topo-
logical transitions between non-trivial topological phases
solely driven by noise or temperature. This is an effect
that only appears in systems with high topological num-
bers as shown in [33].
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